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Abstract

We present a field theoretic approach to capture the motion of a particle with dry friction for one-
and two-dimensional (2D) diffusive particles, and further expand the framework for 2D active
Brownian particles. Starting with the Fokker—Planck equation and introducing the Hermite
polynomials as the corresponding eigen-functions, we obtain the actions and propagators. Using a
perturbation expansion, we calculate the effective diffusion coefficient in the presence of both wet
and dry frictions in a perturbative way via the Green—Kubo relation. We further compare the
analytical result with the numerical simulation. Our result can be used to estimate the values of dry
friction coefficient in experiments.

1. Introduction

Active matter [1-4] refers to particles or creatures that can absorb energy from the environment and change
their mechanical state by using the energy. The collective behaviors of animals such as swarming [5, 6],
flocks [7—11], and bacteria [12] can be described effectively by appropriate models. Furthermore, artificial
active colloidal particles [13, 14] are created experimentally to explore active systems. There are plenty of
analytical works from the Stokes—Einstein—Sutherland relation of Brownian motion [15] to active

systems [16, 17]. However, fitting analytical results with experimental ones is always a challenge. For
example, the restricted confinement can significantly affect the diffusion coefficient [18]. Furthermore, the
motion of particles can be influenced by dry friction (Coulomb friction) with the substrate if the size and
weight of the particle are large enough. In this case, the buoyancy and thermal fluctuations can barely push
the particle away from the substrate. Unlike the wet friction that is always proportional to the velocity, dry
friction depends only on the velocity direction.

In the most of the previous studies, dry and wet frictions are not considered together. The particles
experiencing dry friction are mostly unaffected by the thermal noise, since the particles are large enough.
Moreover, the gravity acting on the particles is usually smaller than thermal noise, and the particles hardly
reach the lower surface. Hence, dry friction of such particles can also be neglected. For mesoscopic particles,
however, both wet and dry frictions can not be neglected because the gravity drags the particles and their
random motions take place at the bottom surface [19, 20]. A one-dimensional (1D) passive particle with dry
friction has been discussed [21-23], and further two-dimensional (2D) problem has been also
addressed [24].

In this work, we are motivated to explore the motion of an active particle with dry friction. In particular,
we obtain the effective diffusion coefficient of a 2D active Brownian particle (ABP) with both dry and wet
frictions by using the Doi-Peliti field theory [25-27]. A 2D ABP moves with a finite velocity, and its director
undergoes rotational diffusion [28-30]. We first introduce the Langevin equations to describe the motion of
an ABP, and later convert it to the corresponding Fokker—Planck equation. Since the effective diffusion
coefficient can be calculated via the velocity—velocity correlation function by using the Green—Kubo relation
[15], we only consider the particle velocity in this work.
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In section 2, we introduce the mathematical basis of this work, such as the equation of motion and its
eigen-system to simplify the calculation. In section 3, we use the field-theoretic framework to capture the
motion of a 1D diffusing particle with dry friction in a perturbative way. We expand our framework to 2D
space in section 4 by approximating dry friction to be isotropic. By treating the self-propulsion of an ABP as
a perturbative part, we obtain the corresponding effective diffusion coefficient in section 5. We also compare
the 2D result with the simulation result. A summary of our work and some discussion are given in section 6.

2. Model

In this section, we firstly show the mathematical basis of our work. Our main aim is to calculate the effective
diffusion coefficient D as a function of dry friction coefficient p. The diffusion coefficient Deg can be
extracted from the mean squared displacement in the long-time limit. In this work, we obtain the effective
diffusion coefficient by the Green—Kubo relation [15],

(x(1) —x(0))* o0
Deff = tl—l)rgo<2dt> = é/o de (v(1)-v(0)) , (1)

where the (o) is the ensemble average and d is the space dimension.
We describe the motion of an ABP with dry friction by the Langevin equations

mir(t) = —Tv(®) = FY D 4 rwp (042 () with <E(t)ET(t')>:2DF2125(t—t') and  (2)=0,

(VD) ]
(2a)
(1) = (1) with  (C(t)¢(¢'))=2D:d (t—1t') and (((t))=0, (2b)
X=v, (2¢)

where ||v|| is the norm of the vector v, wy () = w[cos#,sin ]! is the self-propelled velocity of the particle
which stays on a ring of a radius of w, and m is the mass of the particle. Furthermore, I'v(#) is the viscous
force proportional to the velocity and Fv(¢)/||v(¢)|] is dry friction force whose magnitude is a constant. And
1, is a 2D unit matrix. Each component of = and also ¢ are Gaussian white noise [31] with zero mean and
variance DI'? and D, respectively, where D and D; are the diffusion and rotational diffusion coefficients
respectively. And each component of = has zero correlation with ¢. Finally, x is the position of the particle,
and we further define the dry friction term v/||v|| = lim¢_,ov/||v + €| to avoid the zero denominator.

Introducing the rescaled friction coefficients by the mass v = I'/m and p = F/m, we modify the
Langevin equation as

W0 = v (@)~ p b 0 +E0 vt (€0€7()) =207'10 (1) and (€(0) =0,

(3a)

(1) = (1) with  (C(t)¢(¢'))=2D:d (t—1t') and (C(t)) =0, (3b)
whose corresponding Fokker—Planck equation is [32, 33]

OP(v,0,t) = LP(v,0,t) with L=DyV24+4Vy-v+uV,- —wg - Vy+D,0; . (4)

Since the diffusion coefficient can be extracted from the velocity—velocity correlation function, we drop the
positional variable x in the Fokker—Planck equation, and we only consider the particle in the velocity space.
The effective diffusion coefficient of an isolated 2D ABP in free space is well known [34, 35], in our case, it
presents the zero dry friction limit 4 = 0. We write it below for the later comparison

W

Dy = . 5
o 2D, (5)

The following functions are used later to simplify the calculation,

2 %
u, (v) = e 297 He, (5) , (6a)
1 14

~n = He, | = ) 6b
L ) 2
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where He,, (x) is the n-th order of the probabilist’s Hermite polynomials and Q* = Dy [36, 37]. Our definition
of He, (x) corresponds to 2~ ?HermiteH [1,x/+/2] [38].
The orthogonality relation between u,(v) and @(v) is

/dvu,, (V) B (v) = Qp,m (7)
where d,, , is the Kronecker delta, and u,(v) are the eigenfunctions of the operator
QO2u, (v) + 0, [vu, (v)] = —nu, (v) . (8)

The velocity—velocity correlation function with the initial velocity vy, direction f, at time #, can be
calculated by

2T
v(t)-v(t)) =(v-v') = /dzvdzv’ d0do’ vG (v,0,tv',0" , t' )V G (v',0',t'|vo,00,t) , 9)
0
where we use v(t) = vand v(¢') = v’ to simplify the notations and G(v,8,#v’,0’,t’) is the probability
density of finding a particle at velocity v with the self-propulsion direction 6 at time ¢, when the given initial
state is at velocity v’ with the propulsion director 6’ at time ¢'.

Since we choose the stationary state as the initial state, the most right propagator
G(v',0',t'[vo,00,t9) = G(v',0") does not depend on the initial condition. By using the orthogonality of the
Hermite polynomials [39], the above integral can be simplified further, and the result will be presented in the
following sections.

3. Diffusive particle in 1D space

We start with the simplest case, i.e. a diffusive particle with dry friction in 1D space. The corresponding
Fokker—Planck equation is
v

O:P (v,t) = DY*O2P (v,t) + yO,vP (v,t) + ud, m

P(v,1t) , (10)

where in 1D space, the unit vector v/||v|| becomes the sign function v/|v| where |v| is the absolute value of v.
We further introduce the notations

Ly = DY*d* +~0,v, (11a)
v

L, = pd,— , (11b)
g vl

similar to the 2D case, we define v/|v| = lim._,o v/|v + €| to avoid the zero denominator.

3.1. Action
The corresponding bilinear action and perturbative action are

A= Ag+ Aper (12q)
Ao (¢,g£) :/dt/dvd;(v,t)(—az-l-ﬁo—r)(b(v,t) 7 (12b)
Apert (¢,g?>) - / dr / dv & (v,1) L6 (,1) . (12¢)

where 7 is the death rate to maintain the causality, and will be taken to zero after the inverse Fourier
transform. We have introduced the annihilation field ¢ and the Doi-shifted creation field ¢ as [25, 27]

o (v,t) = é/a’w e_%“’tZun (v) pn (W) (13a)
n=0

b (v,t) = é / dw e ™" ity (v) fu (w) - (13b)
n=0

Here )? = Dy, dw =dw/(27) and further §(w) = 276 (w), while u and # are consistent with equation (6).
Any expectation value can be calculated perturbatively by a path integral [40]

(o) = / D005 o AlBd] — (4 el

3

o with (o), = / DpDp o eol#9] (14)
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where we split the action via equation (12a). Expanding the exponential with respect to the perturbative part
Apert, we obtain

bt 5 o Ap t = Anert
<.>:/D¢D¢GAO[¢,¢].Z o —<.Z:l"> : (15)
0

n=0 n=0

The probability density is the full propagator

g (V7 9, t|v07 00a tO) = <¢(V797 t) é(V(),a(), t0)> . (16)
By plugging the fields equation (13) into the action equation (12b), we obtain
1 o - )
Ao = - /aw/aw’ Z bm (W) (—iw+yn+1) ¢y (W) F (W +w") Qb m (17)
n,m=0

where 9, ,, comes from the orthogonality relation equation (7) between u, and u,,. The bare propagator
can be read off as

= o0\ Wl (w+w) , A W m,w
(on()dn()), =t gy = Mamd e+ )Gn,w) 2 . (18)

Similarly, we substitute the fields in equation (13) into the perturbative action in equation (12¢),
_ u 17 / ~ v /
Apert = ; o /dwdw Om (W) by (w)/dvum (v) 0, {wun (v)] §(w+w’) (194a)
= Z % /awqgm (—w) ¢y (w) /dv (25 V) ity (V) 1y, (v) + ﬁﬂm (v) Oyuy (v)) , (19b)
where §(v) comes from the derivative of the sign function

d, <V> —25(v) . (20)

|v

We diagrammatically write the perturbative part of the action as

% / dv (25(v)am(v)un(v) + ﬁﬂ&,n(v)&,un(v)> =A™ 2 m—;—” . (21)

By using the following properties of the Hermite polynomials [36],

min (n,m) -
He, (V) Hey, (V) = Z (fl — k)’r(:; — k)'k' Heytm—2k (V) ) (22a)
P ! k!
0, (Hey(v)e % ) = —Heyr (V) % . (220)

the analytic form of the above vertex becomes

min (n+1,m)

m n _ p 2 (n+1)!m!
T = m \/ﬂm} (H@n (O) Hem (O) — kZ:O (n T 1— k)’(m — k)!k!He,L+77L72k: (0)> ) (23)

where He,, (0) is the ‘Hermite zero, which is probabilist’s Hermite polynomials evaluated at zero with respect
to the n-th order. It is trivial to see that

A" =0 for neZ (24)

which indicates that a propagator does not have an outgoing index 0 unless it is a bare one. Moreover, since
the ‘Hermite zero’ of arbitrary odd order is zero, Hey,,+1 (0) = 0, we find

APmEL2n — A2 — 0 for pom € Z(T ) 25)

4
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which shows the outgoing and incoming indices should have the same parity. Otherwise, the corresponding
combinations become zero.
In the following, we only consider the perturbative vertices with the limited indices n,m = 0, 1,2,

which are
A0 — AL A22 %% , (26a)
A0 — AL ALO _ A02 A2 A21 (26b)

3.1.1. Propagator
By using the bare propagator and perturbative vertices, the full propagator can be written in a perturbative
way as

/ / /

- A\ A W mw n,w m,w n,w m,w

<¢n( )om )> £ + ; + ; ; +... (27a)
M . M
=3 (w~+w’) {Q6,,mG (n,w) + PG (n,w) A""G(m,w)+... } . (27b)
The full propagators is therefore
(60(@) b (@) =3 (w+w") D B (mmw) , (28)
j=0
and the corresponding E; are given by
Ey (n,m,w) = Q4, ,,G (n,w) (29a)
Ei (n,m,w) = Q*G (n,w) A"™G (m,w) (290)
Ey (n,m,w) = QG (n,w) > A™G(q,0) A?"G(m,w) = QG (n,w) > A™E, (q,m,w) . (29¢)
q=0 q=0

We further introduce the recurrence relation between E;j and Ej

Ejp1 (n,m,w) = QG (n,w) > A™Ej (q,m,w) (30)
q=0

The probability density of velocity v at time ¢ with a given initial state v' at time ¢’ is

G (v, tv',t") o Z V) iy ( hm/awaw’ —lwte—tw't! <¢n( ) um (w’)> (31a)

2 Z un m lrlﬂ;l dw efiw(tft,) ZE]‘ (n,m,w) . (31b)
j

n,m=0

3.1.2. Stationary-state correlation function
By taking the limit fy — —o0, we obtain the stationary density

G = lim _(6(r0)(.t0)) - (32)

fo——00
Previous work shows that taking the stationary limit #{;, — —oo and the zero death rate limit r | 0 replaces the
incoming index by 6,,¢ [35], which physically indicates that the steady-state is independent of the initial
condition. Therefore, at stationarity, equation (30) is

Ej(n) = 17}&)1 tOE)rEoo dwe™ @ E0) B (n,m, w) (33)
_n
. . .
J vertices
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where we have dropped the arguments #1,w, since the observable no longer depends on time and initial
state. The form of the stationary density is

G(v) = % S ()i Y B () - (34)
n=0 j=0

Since i1y (v) does not depend on v, we use the notation iy 2 iy (v) to indicate the independence of the initial
state. We list the first two orders and the recurrence relation of E; as follows

Eo (Tl) = Q(Smo s (35[1)
An,OQZ
Ei(n) = ; (35b)
ny
AmIQ)
B (n) = = =2 E(a) . (350)
q=1

Since A%" is always zero in equation (24) which vanishes all the propagators with outgoing index n =0
before taking stationary limit, we define lim,,_,o A" /n = 0 for arbitrary m and perform the summation
from g =1 to avoid the zero denominators in equation (35).

Our aim is to use the Green—Kubo relation equation (1) to calculate the effective diffusion coefficient.
Now, we perform the integral of the velocity—velocity correlation function in the present field theory
framework

vtyv(t)) = /dv/dv' vG (vt VG (V') (36)

where we simplify the notation v = v(t) and v/ = v(¢'). By using equations (9), (31), (34) and the
orthogonality of the Hermite polynomials [39], the correlation function becomes

v(e) = [ awe 0= (610)61 (<)) (2{260) + () ). (37)

We first calculate the time-independent observable in the brackets as

(d0do) =, (380)

<¢2950> -SB@)= 79% +0(5) (38b)
j=0

where in equation (380) we only consider the finite number of perturbative vertices up to the second order,

and O(3?) is used to indicate that we do not consider all the contributions higher than the second order of /3.
The mathematical details are shown in appendix A.1. We introduce a dimensionless parameter

_ ]2
5_\/;(27. (39)

2(2(0)d0 (0)) + (0 (0)$(0) ) = © (1 - lfﬁ> +0(5) (40)

to simplify the notation. Then we have

To calculate the time-dependent observable, we only consider the perturbative part with both incoming
and outgoing indices fixed to unity,

/ dwewt=t) <¢1 (w)él(fw)>

g iy Lw L 1w 1,0 1w 1 1,0
= / dwe™(t=t) + ; + r r +... (41a)
] ] ]
- /dwe’i“’(t’t,)QG(l,w) 3 (QG(1Lw)AM) + 0(5?) (41b)
=0
_s Y QG(l w)
— iw(t—t")  SEINHW) 2
/dwe T 0G(1,w) AT +0(B7) (41¢)
= / dweiot—t) O(B?) = O(t — t')Qe~ A=) L 0(5?) | (41d)
—w+y+ 72r 5
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where © is the Heaviside step function, since the integral converges only for ¢ > ¢’. Then, the
time-correlation function is obtained by substituting equations (40) and (41d) into equation (37),

v()v(t)) = @(t—t’)Qze‘7(1+ﬁ>(f—t') (1 - 1+ﬁ5> +0(5) . (42)

2

By using the Green—Kubo relation in equation (1) and recalling Q* = D+, the effective diffusion coefficient is

Deff:/t/oodt v()v(t)) = 1+DB (1— 1f5> +0(5) . (43)

2

If there is no dry friction, 8 — 0, we recover the normal translational diffusion coefficient Deg| g—o = D, as it
should. By expanding the fractions, we obtain the first order correction with respect to the parameter 5 as

Deg=D(1-28)+0(p%) . (44)
4. Diffusive particle in 2D space

In 2D space, the corresponding Fokker—Planck equation of a diffusive particle with dry friction is

OP(v,t) = Dy*VEP(v,t) +7Vy - [VP(v,1)] + uVy - {HZ”P(V, t)} . (45)

Similar to the 1D case, we split the operator into two parts,
Lo=DY'Vi4+V, v, (46a)
L, =pVy — . (46b)

[Ivl]

Applying the isotropic property of the first operator L, one can simplify the calculation into 1D space
with an extra prefactor 2. However, because of the anisotropy of dry friction, there is no such a way to
simplify the operator £,,. Hence, we use an approximation of the ‘sign’ function of the velocity v

Q
o

) (47)
[vI]

141
Vi 2
v, 1+l Y
v |V [T ]
%

2 V2
[v2]

V2
VR [val 4/ 1+

Wioliy)

where we use the following Hermite expansion of the square root in the denominator, the prefactor e~ /4 is
the projection of the dry friction term on the Hey, and this prefactor is firstly found approximately from

numerical simulation,

o] k
! :e—%z (=1 Heyy (\69), (48)

with 6 = arctan(z). By considering only the zeroth order Hermite polynomial and dropping all the higher
order terms, we find the approximation in equation (47). The operator £, is rewritten as

Ly~ L] = et <a V1+5VZ|Z|> : (49)

! nl

which is now isotropic. Then, we can simplify this 2D problem to a 1D problem whose corresponding
Fokker—Planck equation is

9P (v,t) = DY?*O*P (v, 1) +v0,vP? (v,1) + e_%,uavﬁPm (1), (50)

where we have introduced an upper index () to indicate that the above Fokker—Planck equation is obtained
from the 2D equation. The corresponding velocity—velocity correlation function is

(v V() =2(v@r({)) (51)
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where the prefactor 2 in the RHS is the dimension factor.

The only difference between the Fokker—Planck equation in equation (50) and 1D case in equation (10) is
an extra prefactor e—1/4 in the friction term. Therefore, by following the same steps presented in 1D case in
section 3, we immediately obtain the velocity—velocity correlation and the effective diffusion coefficient by
introducing the modified dimensionless parameter as

B=eiy/Z L (52)

and they are

v (1) -v(t")) = 2Dye 7 (1H8) (=) (1— p >+O(B2) : (53a)

o_ D ([, __5 »
Deff_1+5~<1 1+§>+0(5). (53b)

Here we use an upper index ) to distinguish the effective diffusion coefficient in 2D from the 1D result
in equation (43), where the parameter /3 in the 2D problem is changed from the parameter 3 in the 1D case.

We compare our result in equation (530) with the numerical simulation. In this work, only finite types of
the perturbation vertices are considered, the friction operator is approximated by equation (49), and the
result is a perturbation calculation using the first three orders of the Hermite polynomials. We compare the
effective diffusion coefficient with the numerical simulation and our field theory approach in figure 1(a),
showing a good agreement between them even 3 is large. Additionally, the fourth order correction of the

time-independent observable <¢2(£0> is also calculated in appendix A.1.

5. Active Brownian Particles

ABPs are particles that move with constant speed |w| = w but whose director ¢ diffuses with the rotational
diffusion coefficient D;. The corresponding Fokker—Planck equation of a 2D ABP with dry friction is
v

0P (v,0,t) = LP(v,0,t) with E:nyzvv+fyvv~v+uV~wfVWe'VJrDraé7 (54)

where wy = w[cos @, sinf]".

Similar to the approach presented in section 4, we first use the approximation of the friction term in
equations (47) and (49), to approximate the anisotropic operator by an isotropic one. Second, we reduce the
problem to 1D and choose the component of v on the x-axis of the Cartesian plane. The Fokker—Planck
equation is then

0P (v,0,) = (Lo+ L, + L) PP (v,0,1) (55)
with
Lo =Dy*0} +~0,v+ D9y, (56a)
Ly~L) :ue*%avﬁ, (56b)
L, = —ywcoshd, . (56¢)
5.1. Action
Accordingly, the bilinear action and perturbative actions are
A0(6:0) = [ar [av [ 860,000+ Lo -0 (w0.1). (57a)
0
A (0:8) = [ar [a [~ a030:0.0 20000 (575)
0

A, (¢,<£) - / dt / dv / 2Wd0q§ (v,0,1) L0 (,0,1) . (57¢)
0

8
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Since there is a new variable 0, the fields in this case are introduced as

(v,0,1) Z Z /aw ey, (v)e g, o (W), (58a)

n=0 a=—00

6(1,0,0) = — QZ Z /awe—w )& Do (W) - (58b)

n=0 a=—o00

Here, we use Roman letters for the velocity indices and Greek letters for the director indices. Similar to
the 1D case, the corresponding bilinear action and the y-dependent perturbative action are

Ay = ZTI'QZ Z Z /awaw B’ w’) (—iw +yn+Dia’ + r) Gna (W) (W+w") Qnm2m60,0

n,m=0a,a’=—o00

(59a)

Av=rar zmz Z Z / dwfm,or (—w) () / dv (25(V)ﬁm(v)un(v)+ﬁﬁm(v)avun(v)) 26t

nm=0c,a’=—

(59b)
and the self-motility dependent action A,, is
2T
_ _ ~ —i(a—a’)0
A, 27rQ2 n;()a alz_:_w/aw Gmar (—W) Pno (W) /dv i (v) Oy (v) i db e cosf
(60a)

604 a’ +6a7 a’
27_(_92 Z Z /aw¢mo¢ - ¢na( ) nm71277 L P L . (60b)

n,m=0a,a’=—o00

There are two different types of perturbative vertices. We diagrammatically write the friction-dependent
and self-propulsion dependent vertices in the following way

_1
pexp (—3) / v [ 26(0) i (V)i (V) + — i (0) Dyt (v) )b 2 AT 2 T (61a)
o2 ol o e T
6a+1,o/ +6a71,a’ A Avmun A m_n
chsn,mfl Ta o ()/.,l;._a s (Glb)
and the bare propagator is
Q0pn.mOa.ard ! n,w m,w’
s W+ = Qpmla.ad(w+)G(n,0,w) 2 ——o . (62)
—iw +yn+ Dia? + 71 e a o

5.2. Propagator
The full propagator is the summation of all the possible combination of the bare propagator in equation (62)
and the perturbative vertices in equation (61)

/ /

- S\ A W m,w n,w m,w n,w m,w

(6na(@)dmar (@) 2 S e

« ; « o
n,w Zq m,w’ n,w Zq m,w’ n,w Zq m,w’ n,w Zq m,w’

a ;T g \ te , T 12 . ' 1 : ;T
) ZV « ) EV (€% ) Zl/ . &3 ET/ . «
(63a)

= 560 {2000 Gl 0,0) + G 0,00,0) (T + AT Gl )
+ PG(n, o w Z Z (o + Ager G(q,y,w)(T‘é:ﬁ’,‘; +AZ:%)G(m,a’,w)+...} . (63b)

q=0v=—00
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Similar to equation (28), we write the full propagator as,

<¢”,(X (LU) ¢~)m7a/ (w/)> = 5((‘) +w/) ZE] (”a m,a,a',w) ’ (64)

j=0

where the terms shown in equation (634) are exactly the first three orders of Ej(n,m, o, a’,w). We list the

recurrence relation as

Eiy1 (n,m a0 ,w) = QG (n,o,w) Z Z (Tf,i’q” + Aﬁ;) Ei(q,m,v,a’,w) . (65)

q=0v=—00

We therefore obtain the probability density of the velocity at v with director 6 at time ¢ with the
corresponding initial state (v/,6’,¢") as

VRPN B - = a—iaf ia 0 / /
g(v,97t|v,9,t)_mz Z u, (V) iy, (v') e e 15101 dwdw’d (w+w’)

n,m=0a,a’=—0c0

X <¢n,a (w) Qi;m,a’ (w/)> (66a)

1 2 o Il o ’
=3 Y w @i (e % lim [ dwe ()

70

X ZEj(n,m,a,a’,w). (66b)

5.3. Velocity—velocity correlation function
By substituting equation (66/) into equation (9), and using the orthogonality of the Hermite polynomials
and the exponential terms, we have

v(v(t)) = <¢1,0 (1) €l~51,0 (tl)> (2 <¢2,0¢Zo,0> + <¢o,oéo,o>) + i <¢1,o (1) éo,u (tl)> <¢1,u<50,0> )

T (67)

where the second term comes from the integral over 6’. Since we only consider the first three orders of the
speed indices n,m = 0, 1,2 of the perturbation vertices in equation (61), only v = %1 in the summation are
concerned in the second term. We calculate the time-independent observable first by the inverse Fourier
transform and take the limits t, — —ocoand r ] 0

(¢nadmar)=tim lim [ dwe™ 00 (6, (@) G () ). (68)
We obtain
(900600) =2, (69)
(@20000) =022 EB +— (oo f;v) () +0(8), (o)
(611000) = (&1, -1000) = Z(WZLM +0(5) (69)

where the details are presented in appendix A.2.
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For the time-dependent correlation function, we only consider the lowest perturbation vertices, similar
to section 3. The first one is
(010®d0t)) = [ duwe™) (61 5(w)ro(~)) (70a)
/dwe_i“(t_f) 1w 1, —w N 1w . 1,—w N 1w .1 . 1, —w L
0 0 0 ! ! ! 0
M M M
(70b)
/dwe’“"(t 0G(1,0,w) Y (AG(1,0,w)Agg) + O(B%) (70¢)
£=0
= / dw e~ ™(=t) L Ot — t')Qe~ A=t 4 0(32) (70d)
—iw+v+exp (—1) \/g%
where f3 is the corresponding dimensionless parameter introduced in equation (52). The second term is
(610(0301(¢)) = (610(0501(¢)) = [ duae™ (91(0)d01(~) (710)
. w 0, —w 1w 0, —w
/dwe‘“(t“ ) r — P
0 1 0 ' 0 1
-
1w 0, —w
+ : L y 1 b ... (71b)

0 ' 0 ' 0 1
" "

/dwe_“(t DOG(1,0,w) Y5160, 1,w) Y (2G(1,0,w) Ay +0(5%) (71c)

=0
=0(t-t) it ( Di(t—t e*ﬂlﬂf)(t*t’)) +0(5?) . (71d)
2(y+ By — D)
Then, the velocity—velocity correlation function is
v (t')) =0 (- 1) [ 2e (A=) (1 - B
1+ 4
VW26—7(1+B)(t e—D,(t—t’) _ e—'y(lJrB)(t—t’) szyz 5
— + = X - +0 (5 ) .
g) v+BY =D 2(’y+Dr+/5’7)
(72)

+ .
2 (7+Dr+'yﬁ) (1+
By applying the Green—Kubo relation in equation (1), we obtain the effective diffusion coefficient for an ABP
2 ~
L +0(B) . (73)

W
B

)+2D,(7+D,+7B) (1+5)

_ D ( b ) +
145 2(7+Dr+vﬂ
When there is no friction, 5 = 0, we recover the effective diffusion for an isolated ABP in equation (5) [

with dry friction as
) (1+8) (1

(74)

2)

D =
eff 1+/B
2

w
—D,.

(2) _
Deff ‘ B—0 2D,

35,41, 42],
(75)

Similar to equation (44), by expanding the fractions, we obtain the first order correction of the effective
diffusion coefficient for an ABP with dry friction as
2
@) ( ) w 3D, +4vy ~ ( ~2)
D = 1-2 1— @

eff b 2D, 2(Dr+7)/8 o8
We further compare the analytical result in equation (73) with the numerical simulation in figure 1(b). Even
with the existence of the self-propulsion, the agreement between the field theoretic approach and the

simulation is still good
11
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Figure 1. Comparison between the analytical result and numerical simulation. The horizontal axis is the dimensionless parameter
B in equation (52), and the vertical axis is the ratio between the effective diffusion coefficient Difzf) in equations (53b), (73) and

the diffusion coefficient Dy in the absence of dry friction in equation (74). The numerical result of Dgfzf) is obtained from the
Langevin equation in equation (3) via the Euler-Maruyama method [43], where the deatils are explained in appendix B. We have
used the following parameters: number of the particles N = 20 000, total time T =400, and time step At = 0.05. The initial state
of the simulation is x(—50) = 0 and #(—50) = 0, where we have spent Ty = 50 to wait for the system to reach the stationary state
and then started to average the MSD.

6. Summary and discussion

In this paper, we first discussed the 1D diffusing particle with dry friction. From the velocity-corresponding
Fokker—Planck equation in equation (10), we determined the bilinear and perturbative actions for a diffusive
particle with dry friction in equations (17) and (19), respectively. The full propagator was derived in
equation (27). Considering the first three orders of the Hermite polynomials, we only count three types of
perturbative vertices with non-zero contributions equation (26). Therefore, the summation in the propagator
is reduced to a single term, and the geometric sum is used to obtain the velocity—velocity correlation function
in equation (42). Equation (43) was further obtained by using the Green—Kubo relation equation (1).

Then, we have extended this framework to the 2D space. For wet friction, we can always reduce the
higher dimensional problem to a 1D problem because the system is isotropic. For dry friction, however, such
a treatment is no longer possible because it is anisotropic. We then introduced a Hermite expansion of dry
friction, and transformed dry friction into an isotropic operator in equation (47) by considering the leading
order. With a prefactor difference, we obtained the 2D effective diffusion coefficient equation (53b) from the
1D result in equation (43).

Studying the ABP problem is more complicated since the self-propulsion of the particle provides another
type of perturbation vertex. By using the same treatment as in the 1D case, we only considered the limited
Hermite order (n < 2). Then, we applied the geometric sums to calculate the velocity—velocity correlation
function in equation (72) and further obtained the effective diffusion coefficient in equation (73). Since we
have neglected higher orders of the Hermite expansion for both fields and dry friction operator, the diffusion
coefficient is a perturbative result. However, the analytical result in equation (73) recovers the numerical
simulation very well.

Dry friction force F in the experiment can be estimated by using equation (73) or the first order
expansion in equation (75). Substituting back I' = m~ and F = my, and using the
Stokes-Einstein-Sutherland relations I' = 6w na and D = kg T/T" [15], where 7 is the fluid viscosity, a is the
radius of thf: particle, kg is the Boltzmann constant and T is the temperature, we rewrite the dimensionless

parameter 3 as
~ 1| 2m F 2m
=e *F =e . 76
f=e 7DD < 6mna \| TkgT (76)

Considering a colloidal particle with a mass m a2 10~ '°kg and a radius a ~ 10~°m in water with the room
temperature, and assuming F &~ 0.1 x mg, where g is the gravitational constant, we estimate 3~ 5 x 104, If

S
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the radius is increased to a ~ 5 x 10~°m, the corresponding parameter becomes /3 ~ 0.14, which leads to a
substantial decrease of the effective diffusion coefficient.

The present work provides a basis for the characterization of the motion of active matter in velocity space
via field theory, especially for mesoscopic particles whose diffusion and mass can not be neglected. Because
of the wet friction +, the calculation is simplified by using Hermite expansion of the fields [37] rather than
the Fourier transform [35]. This work also provides a basis for ABPs with harmonic interactions. With the
aid of the previous work on field theoretic approach of interacting diffusive particles [40, 44], we are
currently working on ABPs with non-reciprocal harmonic interactions.
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Appendix A. Observables

In the following, we show the calculation of the observable (e) in detail.

A.1. Purely diffusive case

We first show equation (38). By using equation (24), we immediately obtain equation (384a) since the bare

propagator is the only contribution. For the observable in the LHS of equation (380), we only consider the
limited perturbation vertices listed in equation (26). Diagrammatically, it is

(o) = —— 4 g+ (A1a)
| ] ] ] | ]
= DM 2 )+ o8 (A1D)
k=0 n
2 0 1
= - +0(5%) (Alc)
; 1_ 2 2
.
AP 2
BT +0(8%) . (Ald)

We further include higher order terms up to the fourth order, and the above observable becomes

(o) = ) S = (1 R = R (——Y)

; k=0 ] Jj=0 ]
2 4 0 =, 2 2 k=, 2 4 2 0= 4 4\
+ ; > D ( 2 )2 ; )2 (—— ) (A2a)
™ m k=0 ™ =0 ™ " Jj=0 L]
2,0 A2’4A42’292 2.4 04,0002
R L - <1+ T iﬂ) S ———aT
2y 1- 430 1 AAROR g AT 82 1 A0 ARAOR G AL
(A2b)
20
-
1
where the first line of equation (A2a) indicates that the propagator starts with a vertex & from most left,
2 2
—_—1
1
and the first summation shows that there can be arbitrary number of the propagator m connecting

to the left of the propagator. The terms in the bracket indicates that, if there is at least one

13
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2 4 2 4 4

—

(] . connected, the propagator & can also appear as many as possible. Similarly,
4 0

in the second line of equation (A2a), the propagator . u is the leading order, and there can
be arbitrary number of the three types of the propagators appearing in the summations. We perform the
geometric sum and obtain equation (A2b).

Since the term A§2/7 is proportional to the dimensionless parameters 3 and f introduced in
equations (39) and (52) for 1D and 2D space, respectively, we obtain the effective diffusion coefficient with
the fourth order correction as

B 2
D 3 | B 1 1 1
Do = 1— — 1 i O(B%) , for ID (A3
=TT 1+§< l—l—’fél—i-?) 241+§1+f—21+% +0(p?) , for (A3a)
~ BZ 2
D L 1 1 1 .
p@ =P o B (- 6 P S +O<BZ),for 2D, (A3D)
1+0 1+4 1+214 % 414581481438

A.2. ABP case
In the following, we obtain equation (69). Similar to the pure diffusive case, <¢0’0¢0’0> in equation (69a) is a

bare propagator without any perturbative vertices. We write the LHS of equation (69b) diagrammatically

2

. 2 0 2 0 2 2 2 0
= .+ . v+ . : S S Ada
<¢2,0¢0,0> h P h P ;O 0 ;O P ;O ( )

+ 2 o . + 2 o o (Adb)
0 +1 00 0 11 0
2 1 1

+ L e (Adc)
0 1 i 0

where the first line is exactly equation (A1), which is a combination of the bare propagator and the friction
dependent perturbation only. The second and third lines includes the self-propulsion perturbation part,
where the first term in equation (A4b) is the leading order. The rest terms show that arbitrary number of

1 1

+1 +1 , , , o .
® and 0 ;O can be inserted into the diagram in a suitable position. Therefore, we

write equation (A4)

- 2 0 =, 2 2k
<¢2,0¢0,0> = . Z( _— )
w k=0 ]
2 1 0 =, 2 2 ke, 1 1
+2x b e Z(—- )kZ( )[+... (A5a)
0 1 040 0’ =1 1
= [ =0 ]
AZ0Q 1 ToiYion® 1 1 -
2y 1A% 2y(y+ Dy) | _ ARS2 | _ A© +OE) (A5b)

2y Y+Dr

where the prefactor 2 is a symmetry factor that comes from £1.
Similary, for the observable in equation (69¢), we write it by the diagrams as

~ 1 0 1 1 0 1 1 1 0

~ ) + +@ T T +@ A

<¢1,1¢0,0> ; ) + ; ;1 » + h ;1 ;1 » + (A6a)

1 0, 1 1.k
% 2 1 " ) (A6D)
k=0
u
e 1 "

:QV+DTW+O(B ) s (A6C)

Y+D:

By plugging equation (61) and the dimensionless parameter equation (52) into equations (A5a)
and (A6a) , we obtain equations (69b) and (69¢), respectively.
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Appendix B. Numerical simulation

In this paper, we use the Euler-Maruyama method to simulate the system via the corresponding Langevin
equation equation (3),

Vigl — Vi = —v; At — u||v—iHAt+'yW9iAt+ V2Dy?ALE; (Bla)
Vi

01 — 0; = /2D At , (B1b)

Xi11 — X; = V;At, (Blc)

with a suitable initial condition. In the above, £; is a 2D vector and the components are Gaussian random
variables with zero expected value and unit variance. Similarly, ¢; are also Gaussian random variables with
zero expected value and unit variance. The effective diffusion coefficient is obtained from the mean-squared
displacement

1 Y 0\?
Dé?f)ZMZ(XI(\/I)_X(())) ; (B2)

i=1

where M is the total steps and MAt = T is the total time, and N is the number of the particles to obtain the
ensemble average.
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