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ABSTRACT

We investigate the mechanical properties of a layered material with interlayer friction. We propose
a model that contains lateral elasticity and interlayer friction to obtain the response function both in
the Fourier and real spaces. By investigating how the internal deformation is laterally induced due
to the applied surface displacement, we find that it is transmitted into the material with an apparent
phase difference. We also obtain the effective complex modulus of the layered material and show
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that it exhibits an intermediate power-law behavior in the low-frequency regime. Our results can be
used to estimate the internal deformation of layered materials that exists on various different

scales.

Introduction

Although the rheology of soft materials is an impor-
tant subject, their nonlinear viscoelasticity as well as
linear viscoelastic behaviors are not fully understood.
For a structurally homogeneous material, the linear
viscoelasticity can be characterized by the frequency-
dependent complex modulus G*(w). Typical soft
materials, however, contain mesoscopic internal
structures that can deform under weak external
fields, leading to unique viscoelastic behaviors. !
These internal structures play essential roles for the
mechanical response at low-frequencies, whereas the
molecular interactions control the high-frequency
response. To describe the internal mesoscopic struc-
tures of soft materials, a coupling mechanism
between elastic and viscous components have often
been considered. In the two-fluid model for
a polymer gel, for instance, the consisting polymer
network is represented by an elastic material and the
solvent is described as a viscous fluid.**

The mechanical response of a layered material
such as the smectic phase in liquid crystals®™'% or
the lamellar phase in diblock copolymers.!"!! In the
experiments, the orientation of the stacked layers
can be controlled by various methods. For example,
the lamellar structure in block copolymers can be
oriented in the flow direction under a weak shear
flow, while it becomes perpendicular to the flow for
a strong shear flow.") To explain the anomalous

frequency dependence of the complex modulus of
the lamellar structure in block copolymers,[”"m
Kawasaki and Onuki considered the coupling
between the bending elasticity of the lamellar layers
and the viscosity of the surrounding fluid.!**!

Layered structures exist not only in soft materials but
also in biological materials, hard condensed matter, and
in the field of geology. The corresponding examples are
epithelial tissues,!'®! graphene sheets,'”'®! layered vis-
coelastic materials,!'” and geological strata, respectively.
However, a general model to describe such a layered
structure has not yet been considered.

In this paper, we propose a continuum model for an
oriented layered material that contains lateral elasticity and
interlayer friction to investigate its mechanical properties.
In our model, each layer is described as a two-dimensional
(2D) elastic sheet that undergoes both shear and areal
deformations. The frictional interaction between the layers
is phenomenologically introduced through the velocity
gradient of the layers. Due to this coupling effect, the
overall mechanical response becomes viscoelastic and fre-
quency-dependent. Considering only the in-plane defor-
mation, we obtain the response function that relates the
surface displacement to the internal deformation both in
the Fourier space and real spaces. We examine how the
surface lateral displacement is transmitted into the material
as a function of the depth or the distance. Moreover, we
shall obtain the effective complex modulus of the layered
material and discuss its asymptotic behaviors.
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Before presenting our model, we shall clarify the
differences between fluid membranes and elastic sheets.
Previously, both the static and dynamic properties of
a stack of fluid membranes or the lamellar phase in
lyotropic liquid crystals were studied experimentally
and theoretically.?*~*! In particular, the shear-induced
transition from the lamellar phase to the onion phase in
lyotropic systems was investigated.”>~>”) The deforma-
tion of a fluid membrane is described by its out-of-plane
displacement because it is incompressible and there is
no restoring force against shear deformation. For an
elastic sheet, however, the in-plane and out-of-plane
displacements are coupled to each other in a non-
linear manner, and its deformation is highly
nontrivial. ?*% This is one of the reasons that we
limit our analysis only to the in-plane lateral response,
and further discussion concerning the extension of our
work will be given in the last section.

For a fluid membrane which has two-dimensional
shear viscosity, the inter-leaflet friction between two
monolayers in a bilayer membrane is recognized as
another source of dissipation.'*'**! Such friction arises
due to the velocity difference between the upper and
lower leaflets of the bilayer. However, the interlayer
friction between elastic sheets was not considered
before, and we shall propose the simplest continuum
model to take into account such an effect.

In Section II, we describe our continuum model for
a layered material with interlayer friction. In Sections III
and IV, we obtain the response functions in the Fourier
and the real spaces, respectively, and further discuss the
longitudinal and transverse responses. The effective
complex modulus of a layered material is calculated in
Section. V. Finally, a summary and some further discus-
sion are given in Section V1.

Model of a Layered Material

We first discuss the stress tensor of a 2D elastic sheet
that comprises the layered material as shown in Figure 1
where the layers are stacked in the z-direction. We
introduce the time-dependent 2D lateral in-plane dis-
placement field u(r, z, t) = (ux(r,z,t), u,(r,z,t)) where
r = (x,y) is the 2D coordinate. In this work, we do not
consider any out-of-plane deformation of the sheet.
Then the strain tensor can be defined by

1
sij = E (8,‘14]' + 8]'14,'), (l)

where i,j = x, y. Within the linear elasticity theory, the
2D stress tensor is related to the above strain tensor by
the Hook’s law!*®!
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Figure 1. Layered material of thickness L consisting of two-
dimensional elastic sheets (red layers) and thin fluid (blue layers).
The surface displacement U(r,t) at z =L propagates into the
material. The layered material is supported by a solid substrate at
z = 0 where the deformation vanishes.

Oij = Aekk&-j + 2[18,']‘, (2)

where §;; is the Kronecker delta, A and y are the 2D Lamé
coefficients, and the summation over repeated indices is
implicitly assumed. Here, the symmetry o;; = 0j; implies
the 2D isotropy of the elastic sheet.

To characterize the layered structure, we consider
frictional forces acting between the elastic sheets. In
the small displacement limit, the frictional force is pro-
portional to the velocity difference between the two
neighboring sheets. When the thickness of each layer h
is small enough, the stress acting between them can be
expressed by a derivative, and the intra-layer stress
becomes

int _ E
1z h
where ( is the friction coefficient and the dot indicates
the time derivative. The above frictional stress arises
from, e.g., a viscous fluid between the sheets and can
be obtained within the lubrication approximation, as
shown in Appendix A. However, we note that Eq. (3)
is not limited to such a situation and holds more gen-
erally for other layered materials.

Using the above result, we now obtain the equation of
motion of a layered material with interlayer friction. We
assume that the thickness of each sheet is negligibly
small. By combining Eq. (2) and (3), the equation of
motion of the layered material is generally given by

o

(Oz111), 3)

pii; = 0jo; + hO,0™, where p is the average areal den-
sity. If we neglect the effect of inertia under the condi-
tion pL?>w/{ < 1, where L is the thickness of the layered
material, we obtain the following force balance equation:

yafui + (u+ N)0:0u; + (D21 = 0. (4)

As shown in Figure 1, the bottom of the layered material
(z=0) is supported by a solid substrate and the
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displacement vanishes there. On the other hand, we
apply displacement U(r,t) at the top surface (z = L).
Hence, the boundary conditions for the displacement
field are written as

0 atz=0

u(r,z,) = { U(r,t) atz=1L" )

Response Function in the Fourier Space

In this section, we discuss the mechanical response of
the layered material described by Eq. (4) under the
boundary conditions in Eq. (5). We first introduce the
2D Fourier transform defined by

uq,z, w] = szrjdtui(r, z,t)e @l (6)

d’q [dw ;
(27:)12 J‘E ui[qa Z, w]et(q~r+wt), (7)

where q = (gx,q,) is the 2D wavevector and w is the
frequency. Then, the Fourier transform of Eq. (4)
becomes

ui(r,z,t) = J

aﬁ“i [(L z, w] = Al][q7 w]“j[‘la 2 w]> (8)

where we have introduced

2
4iqj
Agla 0] =5 |10+ (e + ) pox G

and g = [ql.
Equation (8) is a second-order linear differential
equation that can be solved easily. The eigenvalues &+
and the corresponding eigenvectors w.. of the matrix A;;
are obtained as
2

f+:.q—(<214+)‘)a Wi = <2x>, (10)

1w y

_qT _ (4
f,—iw(‘u, w_ = <_2x). (11)

Then the general solution of u;[q, z, w| is obtained as

_ (49 D aeVE&F 4 gre VE?
ulq,z, 0| = .
4 } (qY qx) <(13€V 2 4 ge V&7
(12)

In the above, ay, ..., a4 are the coeflicients determined
by the boundary conditions in Eq. (5) and are given by

Uxgx + Uygy
—ay = BT 13
“ 2gsinh(y/&, L)’ (13)

a) =

n = quy_ ny
47 2gsinh(VEL)

The linear response to the applied displacement U(r, t)
at the material surface (z = L) can be written in the
following way:

as = — (14)

ui[qu‘Z) w] = yij[qua w]UJ[q7 w]' (15)

Here, y;[q, z, w] is the response function in the Fourier
space and can be represented as

Yij[q7zv w] :Bl[qua w]é‘ij—i_Bz[q)Zv (U] qqlgj (16)
After some calculation, we obtain
Bl[qua w] :F[Q727 &)L]v (17)
BZ[qazv CU] = F[ZL%?(DH] 7F[Q>27 a’i]? (18)
where the function F[q, z, @] is defined by
(1 — a5/
Flg,3, @] = = [0~ i)gz/val (19)

sinh[(1 — 1)(}/\/@ 7

and the dimensionless quantities are g = gL, z = z/L,
@, = (2{/u)w, and @ = [2{/(2u4 + A)]w. Note that @|
and @, are related by @ = (1 — v)@. /2, where v =
AJ(2u+A) is the 2D Poisson ratio. In Eq. (19), the
frequency dependence enters only with the combination
/3%

Using the obtained response function, we discuss the
internal displacement of the layered material. Owing to
the 2D isotropy, we set here U, = 0 for simplicity and
without loss of generality. If we apply a transverse dis-
placement U,~¢/@+¢") at z = L, the internal displace-
ment is given by u,[q, z, w] = B; = F[q,z, @, | according
to Eq. (15) and (16). For a longitudinal displacement
U,~e'@tet) at 7 = [, on the other hand, the internal
displacement is given by
ux[q,z,w| = B) + B, = F[g,Z, w|]. Hence, the internal
displacement is essentially expressed by the function
F[g,z, @] in Eq. (19) both for the transverse and long-
itudinal surface displacements at z = L.

Let us look at the asymptotic behaviors of the func-
tion F[g, z, @]. In the limit of @ >> g%, Eq. (19) becomes

Flg,%, @] ~ 2. (20)

This means that the displacement is linearly transmitted
through the layered material. In the limit of @ < g* and
z =~ 1, we have

Flg.2,@) ~ exp[u — )4z - 1)/%5] (1)



This expression indicates that v/@ /g corresponds to the
screening length beyond which the displacement
decays out.

In Figure 2, we plot the function F[g,z,@] as
a function of z for &)/éz = 0.2, 0.5, and 1. Since F is
a complex quantity and can be written as F = |F|e/(®F),
we plot its absolute value |F| and the argument (argF) in
(a) and (b), respectively. In Figure 2(a), we see that |F|
interpolates between 0 and 1 in a nonlinear manner, and
it is smaller when @/g* is smaller. This means that the
displacement at z = L cannot be transmitted deep into
the layered material when the frequency is small. In
Figure 2(b), we see that the transmission of the displace-
ment is delayed when @/g* is smaller. This is because
each sheet undergoes different displacements with dif-
ferent phases when the frequency is small. When the
argument of F is close to m or — 7, the phase is com-
pletely opposite to the applied displacement at z = L.

1 I I I I
(a)
08 F — @/§°=0.2 s
— @/ =05
0.6 ~ 2 -
— — &/t =1
=
04 .
02 .
0 1 1 1

— &/ =02
2L — &/ =05
- | | | |

Figure 2. The plots of (a) the absolute value and (b) the argu-
ment of the complex function F[g,z, @] in Eq. (19) as a function
of z=z/L for ®/¢*> = 0.2,0.5, and 1.

SOFT MATERIALS 17

Response Function in the Real Space

Using the Fourier space response function in Eq. (16),
we now obtain the response function in the real space. In
the real space, Eq. (15) can be written as

ui(r,z,w) = szr’ Li(r — 1, z, 0) Ui(r', w), (22)

where

Lij(r,z,w) = Jﬁ ¥:ilq, 2, w]e” (23)
ij\ty < (27_[) ij L <

Due to the symmetry property I'; = Ij;, we can write the

response function in the form

rit;
rij(rvzv Cl)) = Cl(ra Z,W)(Sij+C2(r,Z, (L))r—zj, (24)
where r = |r|. In the above, C; and C, are obtained by
calculating T'; and Tjr;r;/ 2. From Eq. (16) and (23), the
integral forms of C; and C, are

I 1
CI(T,Z,(I)) _EJ\

oo}

daq[fo@f)Bl[q,z, &)
0

+ (@) -0 4 ) ) la 2.6

(25)
L 1 (®,. .
Cy(7,z,@) = o JO dqq {— Jo(qr)
+2]121(fr) 2]2(7)]32[(3,%,@},
(26)

where J,(x) is the Bessel function of the first kind and
7 = r/L. These integrals can be numerically performed
by using Mathematica.

Having obtained the response function T';; in the real
space, we discuss here its longitudinal and transverse
components. Given the surface deformation U(r,w) =
U(w)d(r) at z = L, we obtain the internal displacement
u(r, z, ). If we choose the x-axis to be the direction of
the applied surface displacement at z = L, one can con-
sider the longitudinal response I'y, = C; + C, and the
transverse response Iy, = C; as before.

In Figures 3(a) and (b), we plot the absolute value
and the argument of complex Ty,, respectively, as
a function of 7 for z = 0.75, 0.5, and 0.25. We see
that |Iy] monotonically decreases as 7 increases.
More precisely, |[.| decreases as —r? for 7 < 1
while it decays as r* for 7>>1, as derived in
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Figure 3. The plots of (a) the absolute value and (b) the argu-
ment of the complex function I (r,z, w) in Eq. (24) as a function
of r =r/Lforz=0.25, 0.5, and 0.75. The other parameters are
w; =landv=1/6.

Appendix B. In Figure 3(b), we see that the argument
of Ty, is m/2 at 7 =0, indicating that the displace-
ment at z =L is transmitted through the interlayer
friction for ¥ =0. When 7 is further increased, the
argument of Iy, monotonically decreases even to
negative values. In Figures 4(a) and (b), we plot the
absolute value and the argument of T, respectively,
as a function of 7 for z=0.75, 0.5, and 0.25.
Although the behavior of I, is similar to that of
I the transverse response I, decays slightly faster
than T,,.

Effective Complex Modulus

For the layered material shown in Figure 1, we
define an effective complex modulus G*[q,w]| by
using the stress o, at z=L and ¢°, at z=0 as

2
T T T T
(b) — 2=0.75
— 2=0.5
/2 02
>
L‘;s
a0 0
—~
<
-1t/2
- 1 1

0 0.5 1.5 2

|
1
r
Figure 4. The plots of (a) the absolute value and (b) the argu-
ment of the complex function I (r, z, w) in Eq. (24) as a function

of r =r/L forz=0.25, 0.5, and 0.75. The other parameters are
w, =1andv=1/6.

1
(o::la, @] + ov.[q @]) = 7 G'[q @] Uslg @] (27)

N =

Here we have set U, = 0 and use Eq. (3) and (15) to
obtain
iw(

Uiéo [q7 w} = T al))xx [q7 Z, w] |z:L70 Us [qv w]' (28)
Since y,, in Eq. (16) is essentially given by F[g,z, @, ] in
Eq. (19) for the transverse surface displacement, the
effective modulus G*[q, w] is obtained as

. iw(L S N
G [qv w] = 7 (aZF[% z, wl”z:L + aZF[% z, “’L”z:o)
_ iw{(1—1i)g 1 . 1 29)
2hy/@, |tanh[(1—1i)g/V@1]| sinh[(1—i)3/VaL]|

The behaviors of the real and imaginary parts of G*
denoted by G’ and G”, respectively, are shown in Figure 5.
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Figure 5. The real part (G') and the imaginary part (G") of the
effective complex modulus G*[g, w] in Eqg. (29). The dashed lines
represent the asymptotic power-law behaviors in Egs. (30) and
(31).

Let us discuss the asymptotic behaviors of Eq. (29). In
the limit of @, >> g*, we have

. iw{ (g’
G [qaw] %74—%7

(30)
where 7 = 2{/u is the relaxation time for the transverse
surface displacement as we discussed in Section III. The
above expression is analogous to the complex modulus
of the Kelvin-Voigt model. In the limit of @®; < ¢?, on
the other hand, we have

G'lq, ] w%(i@)“? (31)
which is an intermediate power-law behavior. In the
long-length limit, however, the layered material behaves
as a fluid because G* — iw(/h for g — 0.

It was experimentally found that the complex
modulus of the lamellar /phase in diblock copoly-
mers behaves as G*~(iw)"/2.1'' "] Using the smectic
free energy of liquid crystals, Kawasaki and Onuki
proposed a theory to describe the intermediate
behavior between fluids and solids.!"*! Although we
obtain a similar frequency dependence in Eq. (31),
we do not consider that our result explains the
experimental observation in block copolymers
because of the following reasons. (i) In the experi-

ment, the anomalous behavior G*~(ia))1/2 disap-
pears if layers are oriented by application of shear.
(ii) The power-law behavior in Eq. (31) appears only
for finite q¢ and cannot be a macroscopic response
for ¢ — 0.
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Summary and Discussion

In this paper, we have discussed the mechanical proper-
ties of a layered material with interlayer friction. We
have proposed a new model that contains both lateral
elasticity and interlayer friction. Considering only the
in-plane deformation, we obtained the response func-
tion in the Fourier and the real spaces. In particular, we
have looked at how the internal displacement is induced
by the surface lateral displacement. We find that the
applied surface displacement is transmitted into the
material with an apparent phase difference due to the
interlayer friction. We also obtained the effective com-
plex modulus of the layered material and showed that it
exhibits an intermediate power-law behavior in the low-
frequency regime. Our model is general and can be
applied for various layered materials at different scales
ranging from microscopic to macroscopic sizes.

In our model, we have assumed that the 2D sheets are
elastic and interlayer friction acts between them. As
shown in Appendix A, such a friction can be obtained,
for example, within the lubrication approximation for
the fluid layer between the elastic sheets. It is also similar
to that acting between two leaflets in a fluid bilayer
membrane.* % On the other hand, the situation is
different in graphene sheets"”'®! or layered viscoelastic
materials""® in which elastic interactions act between
the sheets. Since elastic interactions do not lead to any
dissipation, the mechanical response should be different
from what we have discussed in the paper.

In the present work, we have discussed only the
lateral in-plane displacement at the surface of the
layered material and investigated how it is transmitted
into the material. In the future, we shall also investigate
the mechanical response to the out-of-plane surface
displacement. For a thin elastic sheet, it is known that in-
plane and out-of-plane displacements are coupled to
each other so that bending always accompanies
stretching.” For such a non-linear coupling, one can
eliminate the in-plane degrees of freedom, which results
in the renormalization of the bending rigidity.!?*>"!
A hydrodynamic theory for a single polymerized mem-
brane was discussed in Ref. **! by focusing on the
dynamics of out-of-plane deformation that is coupled
to the surrounding fluid.

In order to consider the mechanical response to the out-
of-plane deformation in the layered material, one needs to
further take into account such as the bending rigidity and
layer compression modulus that are used to describe the
elasticity of the smectic phase in liquid crystals.*®’ For
multi-layered elastic sheets, the steric interactions between
two elastic sheets are very different from those between
fluid membranes.””) Moreover, it is necessary to
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investigate the effects of hydrodynamic interactions
between elastic sheets for out-of-plane deformation.
These extended studies are left for our future work.
However, we emphasize that even the lateral response to
in-plane deformation appears to be non-trivial due to the
friction between the layers, as we have discussed in this
paper.

In our previous work on two-layer vesicles,’® we
argued both the bending energy and the stretching
energy of the fluid membranes as well as the hydrody-
namics of the surrounding fluid. We can also extend this
theory to a multi-layer system by including the shear
elasticity of each sheet.
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Appendix A: The interlayer friction due to viscous fluid

In this Appendix, we derive Eq. (3) for the situation in which a 3D viscous fluid exists between the elastic sheets. The stress tensor of
a 3D incompressible fluid is given by!*”!

O'Zg = —pdag + 11(8“1/5 + (951/0(), (A1)
where p is the 3D pressure, v is the 3D fluid velocity, # is the 3D shear viscosity, and &, § = x, y, z. Moreover, we assume that the
fluid satisfies the incompressibility condition, Jyv = 0.

To consider the stress acting on each sheet, we apply the lubrication approximation.*”) We denote the thickness of the
lubrication layer by h and the velocity at the upper plane by V,, whereas the velocity on the elastic sheet vanishes. Then the
hydrodynamic equations for the thin fluid layer are

ap =0, 11851/,( —Op =0, Oy + 0;v, =0. (A2)

In the absence of the pressure gradient 0,p, the velocity profile is simply given by a Couette flow, i.e., v, = V,z/h. We regard the

average stress between the upper and the bottom planes as the intra-layer stress given by o' = (0", + 0¢°,)/2 = 4V, /h. When h is
small enough, the stress can be expressed by a derivative as in Eq. (3), where {/h should be identified as #.

Appendix B: Asymptotic expressions of Eq. (25) and (26)

In this Appendix, we show the derivation of the asymptotic expressions of C; and C, in Egs. (25) and (26), respectively. For 7 = 0,
the integrals in Eq. (25) and (26) can be performed analytically, and we obtain

=020 - B (15 ()]

where ¥/ (x) = dy/(x)/dx with y(x) = I"(x)/T'(x) and I'(x) is the Gamma function. On the other hand, we have C, (7 = 0,2, @) = 0.
Next, we consider the limit of 7 < 1 and the expansion of the Bessel functions around zero to examine the terms of order 7.
Then the integrals in Eq. (25) and (26) can be performed analytically as

S . 1 3%, 1-2 1+z
GiF2.) ~ €0.2.8) + 5z 0a b |15 ) -4 (157 (®2)
. 1 3, ., 1-z 14z
Gz e~ = hs @l - w')[(‘l( 2 ) - (4( 2 )] 5y
where (,(x) is the generalized Riemann zeta function defined as
Gix) =D (k+x)7" (B4)
k=0

Next, we discuss the case of 7 >> 1. In this case, the Bessel functions in Eq. (25) and (26) can be expressed as Jo(x)~x "/ cos(x —
7/4) but an analytical treatment is impossible. Here we use the approximation in Eq. (21) to obtain

1 3V21-i)(1-2) 1

.z w)~ B
C1 (1’, z, (U) 27TL2 4;‘3 \/Z)j’ ( 5)
o 1 3V2(1—i)(1—-2)| 1 1
C(r,z,0) ~ ~ — — —|. B6
2(RE0)~ o 47 NERYCN (B6)
In the above, we have used the relation

lim [cos(3 tan~"(x)/2) + sin(3 tan"!(x)/2)] = i (B7)

X—00 \/EX

Hence we see that the response function decays as > at long distances.
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